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We study natural Einstein Riemann extensions of torsion-free aﬃne manifolds (M,∇). Such
a Riemann extension of n-dimensional (M,∇) is always a pseudo-Riemannian manifold
of signature (n,n). It is well known that, if the base manifold (M,∇) is a torsion-free
aﬃne two-manifold with skew-symmetric Ricci tensor, or a ﬂat aﬃne space, we obtain
a (globally) Osserman structure on the cotangent bundle T ∗M over (M,∇). If the new
base manifold is an arbitrary direct product of the simple aﬃne manifolds described
above, we found that the resulting structures on T ∗M are not Osserman but only “almost
Osserman”, in the sense that the Jacobi operator has to be restricted from the whole set
of space-like unit vectors (or time-like unit vectors, respectively) to a complement of a
subset of measure zero. We also ﬁnd that the characteristic polynomial of the (restricted)
Jacobi operator in the cotangent bundle depends only on the full dimension n of the base
manifold, and it is the same as for the ﬂat aﬃne space.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Riemann extensions of a manifold with a torsion-free aﬃne connection ∇ , which are pseudo-Riemannian metrics of type
(n,n), have been studied by many authors. From the earlier period we can quote (in the chronological order) [13,18,14,20,19,
16,17]. From the more recent time, see also [1–10] for various generalizations of Riemann extensions. In [1,2,4,6–10] these
are related to the Osserman problem, in [3] to the so-called Walker manifolds. In [14], general Riemann extensions and in [2]
modiﬁed Riemann extensions were deﬁned. The present authors studied in [12], using a coordinate-free notation, natural
Riemann extensions which form a geometrically signiﬁcant two-parameter subclass of both previous classes and still contain
the “classical” Riemann extension as a special case (see [11] for the general concept of naturality). The natural Riemann
extensions have been classiﬁed by the second author already in 1987 [15]. Originally, modiﬁed Riemann extensions were
deﬁned in much more generality but the natural Riemann extensions seem to be, among them, the only ones which give
reasonable results (like Einstein property and Osserman property) in the case where the base manifold is two-dimensional
and its Ricci tensor is skew-symmetric.
The publications [1–10] usually use local coordinates for computations, whereas our paper [12] is based on coordinate-
free notation, which may be some kind of advantage. On the other hand, the mentioned publications investigate much
broader circle of topics than just Riemann extensions and Osserman spaces; namely Walker manifolds, para-Kähler geome-
try, Szabó geometry, Ivanov–Petrova geometry and others.
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(which is Ricci ﬂat) and the other has non-zero Ricci tensor. We shall call the second one brieﬂy “natural Einstein Riemann
extension” if there is no risk of confusion. The natural Einstein Riemann extension of a non-ﬂat torsion-free aﬃne two-
manifold (M,∇) with the skew-symmetric Ricci tensor is an Osserman manifold of signature (2,2). It is also known that
the Riemann extension of an aﬃne ﬂat space is a non-ﬂat Osserman manifold, namely a symmetric space with the signature
(n,n). In the present paper we try, using the natural Einstein Riemann extensions, to construct some kind of Osserman
structure over direct products of previously studied aﬃne manifolds. We have concluded that such a structure always exists
if we only slightly weaken the Osserman condition by restricting the Jacobi operator from the whole set of space-like unit
vectors (or time-like unit vectors, respectively) to a complement of a subset of measure zero. For this new structure we use
the name “almost Osserman manifold”. (See Deﬁnition 3.6.) We also ﬁnd that the characteristic polynomial of the restricted
Jacobi operator in the cotangent bundle depends only on the full dimension n of the base manifold, and it is the same as
for the ﬂat aﬃne space. The main result is formulated brieﬂy as follows.
Main Theorem. The natural Einstein Riemann extension of a direct product of any number of non-ﬂat torsion-free aﬃne two-manifolds
with skew-symmetric Ricci tensors and of a ﬂat aﬃne space is an almost Ossermanmanifold. If the base manifold is of dimension n, then
the characteristic polynomial of the restricted Jacobi operator is λ(λ − 1)2n−2(λ − 4), and it remains the same if the Jacobi operator
acts on space-like vectors, or time-like vectors, respectively.
The proof of this theorem will be left to the reader, who can, to this aim, easily compile the results of Sections 8 and 9
later on.
2. Natural Riemann extensions
Let M be a smooth and connected manifold of dimension n  2. Then the cotangent bundle T ∗M over M consists of
all pairs (x,w), where x is a point of M and w is a covector of M at x. We denote by p the natural projection of T ∗M
to M deﬁned by p(x,w) = x. Let (U; x1, x2, . . . , xn) be a local coordinate system of M , and let wi , i = 1,2, . . . ,n, be real
valued functions of p−1(U) which attain w((∂/∂xi)x) to each point (x,w) ∈ p−1(U) ⊂ T ∗M . Identifying the function xi ◦ p,
on p−1(U) with xi on U, we deﬁne a local coordinate system (p−1(U); x1, x2, . . . , xn,w1,w2, . . . ,wn) of T ∗M .
The canonical vertical vector ﬁeld on T ∗M is a vector ﬁeld W deﬁned, in terms of local coordinate systems, by W =∑n
i=1 wi∂/∂wi . This vector ﬁeld does not depend on the choice of a local coordinate system and it is deﬁned globally on
T ∗M . The vertical lift of X ∈ X(M) to T ∗M is a function Xv of T ∗M whose value at each point (x,w) ∈ T ∗M is Xv(x,w) =
w(Xx), where X(M) is the set of all smooth vector ﬁelds tangent to M . Each vector ﬁeld tangent to T ∗M is determined by
its effect on the functions of the form Z v for all Z ∈ X(M). (See [20].) The complete lift of X ∈ X(M) is a vector ﬁeld Xc
tangent to T ∗M deﬁned by Xc(Z v ) = [X, Z ]v for all Z ∈ X(M), where [X, Z ] is the Lie bracket of X and Z . The vertical lift
of a differential one-form α of M is a vector ﬁeld αv tangent to T ∗M deﬁned by αv(Z v ) = α(Z) ◦ p for all Z ∈ X(Z). (See
more details in [12].)
Let ∇ be a torsion-free aﬃne connection of M . Then the metrics g¯ on T ∗M naturally lifted from ∇ have been described
by the second author in 1987 [15]. Each such metric g¯ is deﬁned at (x,w) ∈ T ∗M , in terms of classical lifts, by
g¯(x,w)
(
Xc, Y c
)= −aw(∇Xx Y + ∇Yx X) + bw(Xx)w(Yx),
g¯(x,w)
(
Xc, βv
)= aβx(Xx),
g¯(x,w)
(
αv , βv
)= 0 (2.1)
for all vector ﬁelds X , Y and all differential one-forms α, β on M , where a and b are arbitrary constants. We can assume
a > 0 without loss of generality. Every such metric g¯ is a pseudo-Riemannian metric of the balanced signature (n,n), where
n = dimM . We call (T ∗M, g¯) the natural Riemann extension of (M,∇). In particular, if b = 0, it is the (classical) Riemann
extension of (M,∇).
In their previous paper [12, p. 717], the authors have given formulas for all components of the curvature tensor ﬁeld R¯
of (T ∗M, g¯) (in a coordinate-free form). Here we shall highlight only those components that we shall need for the purpose
of this paper. First we deﬁne two operators. For a (1,1)-tensor ﬁeld T on M and a differential one-form α on M , ια(T )
is a differential one-form on M deﬁned by (ια(T ))(X) = α(T X) for all X ∈ X(M). The contracted vector ﬁeld Cw(T ) is a
vector ﬁeld tangent to T ∗M whose value at a point (x,w) ∈ T ∗M is (Cw(T ))(Xv )(x,w) = (T X)v (x,w) = w((T X)x) for all
X ∈ X(M). Now we shall write down the needed formulas, which are valid for all vector ﬁelds X , Y and Z tangent to M
and a differential one-form β given on M:
R¯(x,w)
(
Xc, Y c
)
Zc = (R(X, Y )Z)c(x,w)
+ c
2
{(
w(∇Z Y ) + c
2
w(Y )w(Z)
)
Xc −
(
w(∇Z X) + c
2
w(X)w(Z)
)
Y c − w([X, Y ])Zc}
(x,w)
+ Cw
(
(∇X R)(·, Y )Z + (∇X R)(·, Z)Y − (∇Y R)(·, X)Z − (∇Y R)(·, Z)X
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− (R(·, X)Y )(∇ Z) + (R(·, Y )X)(∇ Z))
(x,w)
+ cw(Xx)Cw
(
R(·, Z)Y − (∇Y )(∇ Z) − (∇ Z)(∇Y ))
(x,w)
− cw(Yx)Cw
(
R(·, Z)X − (∇X)(∇ Z) − (∇ Z)(∇X))
(x,w)
− cw(Zx)Cw
(
R(X, ·)Y − R(Y , ·)X − 2[∇X, ∇Y ])
(x,w)
− c
2
{
w(X)w
([Y , Z ])− w(Y )w([X, Z ])− 2w([X, Y ])w(Z)}W (x,w) (2.2)
and
R¯(x,w)
(
Xc, βv
)
Zc = −(ιβ(R(·, Z)X))v (x,w) + c2
{
β(Z)Xc + β(X)Zc}
(x,w)
+ c
2
{
w(∇X Z) − c
2
w(X)w(Z)
}
βv (x,w)
+ c
2
{
β(Z)Cw(∇X) + 2β(X)Cw(∇ Z)
}
(x,w)
− c
2
2
{
β(X)xw(Z) + 1
2
β(Z)xw(X)
}
W (x,w), (2.3)
where R is the curvature tensor ﬁeld of (M,∇) and c = b/a.
According to [12, pp. 718–719] we can easily formulate the following result:
Theorem 2.1. Let M be a manifold of dimension n with a torsion-free aﬃne connection ∇ whose Ricci tensor is skew-symmetric. Then,
the metric g¯ on T ∗M deﬁned by (2.1) is Einstein if and only if either b = 0, or b = 2a (where a > 0). In the ﬁrst case, the space is Ricci
ﬂat; and, in the second case, the Ricci curvature is given by the formula
Ric = n + 1
a
g¯
and the scalar curvature is 2n(n + 1)/a.
Convention. For the sake of brevity, we shall always put a = 1/2 and b = 1 for the Einstein metric in (2.1) since we
are going to deal with space-like vectors. If we would like to deal with time-like vectors, it is natural to put a = −1/2
and b = −1. Our computations are independent of this convention since the formulas (2.2) and (2.3) depend only on the
constant c = b/a = 2.
3. Osserman and almost Osserman spaces
In this section we shall ﬁrst freely reproduce a few basic deﬁnitions and results concerning the Jacobi operator and
Osserman spaces in pseudo-Riemannian geometry from the book [10], with the kind permission of the authors. At the very
end, we shall present a new deﬁnition, namely that of an almost Osserman space, as announced in the title. Let (M, g) be a
pseudo-Riemannian manifold and TM the tangent bundle over M . First, we shall recall the deﬁnition of the Jacobi operator.
Let R be the Riemannian curvature tensor ﬁeld of (M, g). For any non-null X ∈ TM , an operator RX deﬁned by
RX : Z → RX (Z) = R(Z , X)X
for all Z ∈ TM is said to be the Jacobi operator with respect to X . This is a self-adjoint map with respect to g .
Deﬁnition 3.1. Let (M, g) be a pseudo-Riemannian manifold and x ∈ M . Then (M, g) is said to be space-like Osserman (or
time-like Osserman) at x if the characteristic polynomial of RX does not depend on the choice of a space-like unit vector
X ∈ Mx (or a time-like unit vector X ∈ Mx , respectively), where Mx is the tangent space to M at x.
Theorem 3.2. A pseudo-Riemannian manifold (M, g) is space-like Osserman at x ∈ M if and only if it is time-like Osserman at x.
Now by Theorem 3.2, the following deﬁnition can be given without loss of generality.
Deﬁnition 3.3. A pseudo-Riemannian manifold (M, g) is said to be Osserman at x ∈ M if it is both space-like and time-like
Osserman at x.
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proportional to the scalar product gx at x.
Deﬁnition 3.5. A pseudo-Riemannian manifold (M, g) is said to be globally Osserman (or brieﬂy, Osserman) if the character-
istic polynomial of the Jacobi operator RX does not depend on the choice of a space-like unit X ∈ TM or a time-like unit
X ∈ TM .
Finally, we shall explain the new notion, which is in the core of this paper:
Deﬁnition 3.6. A pseudo-Riemannian manifold (M, g) is said to be almost Osserman if the characteristic polynomial of RX
does not depend on the choice of X ∈ S+(M) \ P+ or, alternatively, of X ∈ S−(M) \ P− , where S+(M) denotes the set of all
unit space-like vectors, S−(M) the set of all unit time-like vectors, and P+ or P− are subsets of measure zero.
4. Formulas for the Jacobi operator on the natural Einstein Riemann extensions
Look again on the formulas (2.2) and (2.3) with c = 2 from the previous section. We want to adapt these formulas to
the Jacobi operator on the natural Einstein Riemann extensions (T ∗M, g¯) of (M,∇) with a = 1/2 and b = 1 in (2.1) (see
Theorem 2.1 and the subsequent Convention).
We ﬁx a point (x,w) of T ∗M such that w 	= 0. Let each vector tangent to M at x be extended to a parallel vector ﬁeld in
a normal neighborhood of x in M and denote it by the same symbol. Then all the ﬁrst order covariant derivatives of vector
ﬁelds vanish at x. Also, since the connection ∇ is torsion-free, all Lie brackets vanish at x.
According to the ﬁrst formula of (2.1), we have
g¯(x,w)
(
Xc, Xc
)= (w(X))2
for all X ∈ Mx . Hence we see that, up to a sign, the equality w(X) = 1 characterizes all space-like unit vectors Xc ∈
(T ∗M)(x,w) .
The following observation is important: (a) wherever we apply the operator Cw to a tensor ﬁeld T of type (1,1), we see
from [12, formula (3.2)] that the vector ﬁeld Cw(T ) is vertical; (b) the vector ﬁeld W is vertical, as well.
We shall use the Jacobi operator at (x,w) ∈ T ∗M in the form R¯ Xc (Z) = R¯(Z , Xc)Xc for all X ∈X(M) and Z ∈ (T ∗M)(x,w) .
Then we get easily from (2.2) and (2.3) that the following formulas hold, at the point (x,w), for all X, Z ∈ Mx and β ∈ M∗x :
R¯ Xc
(
Zc
)= R¯(x,w)(Zc, Xc)Xc
= (R(Z , X)X)c − w(Z)Xc + Zc + (vertical part), (4.1)
R¯ Xc
(
βv
)= R¯(x,w)(βv , Xc)Xc
= − 2β(X)Xc + (ιβ(R(·, X)X))v + β v + β(X)W (x,w). (4.2)
5. A standard Osserman structure over an aﬃne two-manifold
In this section, we shall re-prove the following well-known result (for example, [4]):
Theorem 5.1. The natural Einstein Riemann extension of a non-ﬂat torsion-free aﬃne two-manifold with skew-symmetric Ricci tensor
is an Osserman manifold. The characteristic polynomial of the Jacobi operator is λ(λ − 1)2(λ − 4).
Proof. Let (M,∇) be a two-dimensional aﬃne manifold. Then the curvature tensor ﬁeld R(	= 0) of ∇ uniquely determined
by its Ricci tensor Ric in the form
R(X, Y )Z = Ric(Y , Z)X − Ric(X, Z)Y
for all X, Y , Z ∈X(M). Since Ric is skew-symmetric, we have
R(Y , X)X = Ric(X, Y )X (5.1)
for all X, Y , Z ∈X(M).
Consider now the natural Einstein Riemann extension (T ∗M, g¯) of (M,∇). We ﬁx a point (x,w) of T ∗M such that w 	= 0.
We also ﬁx a vector X ∈ Mx such that w(X) = 1 (i.e., Xc is a space-like unit vector at (x,w) ∈ T ∗M). Choose a non-zero
vector Y ∈ Mx such that w(Y ) = 0. Then, obviously the vectors X and Y are linearly independent. Let {β,γ } be a basis for
M∗x dual to {X, Y } such that β = w . From (5.1) we obtain (ιβ(R(·, X)X))v = (Ric(X, ·))v .
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R¯ Xc
(
Xc
)= 0,
R¯ Xc
(
Y c
)= (Ric(X, Y )X)c + Y c + (vertical part), (5.2)
R¯ Xc
(
βv
)= −2Xc + β v + 3W (x,w) + (Ric(X, ·))v , (5.3)
R¯ Xc
(
γ v
)= γ v .
Since Ric is nowhere ﬂat, we can now normalize Y so that Ric(X, Y ) = 1. This leads to γ (·) = Ric(X, ·). We notice that
W (x,w) = wv and hence, in our setting, W (x,w) = βv . Thus, the formulas (5.2) and (5.3), respectively, reduce to
R¯ Xc
(
Y c
)= Xc + Y c + (vertical part),
R¯ Xc
(
βv
)= −2Xc + 4βv + γ v .
The matrix of the Jacobi operator R¯ Xc with respect to the basis (Xc, Y c, βv , γ v ) for (T ∗M)(x,w) is⎛
⎜⎝
0 1 −2 0
0 1 0 0
0 ∗ 4 0
0 ∗ 1 1
⎞
⎟⎠ .
Thus the characteristic polynomial of R¯ Xc is λ(λ − 1)2(λ − 4). 
6. An Osserman structure over a ﬂat aﬃne space
In this section, we shall re-prove the following well-known result (for example, [6, pp. 153–154], [10, p. 19]):
Theorem 6.1. The natural Riemann Einstein extension of an n-dimensional ﬂat torsion-free aﬃne manifold is an Osserman manifold.
The characteristic polynomial of the Jacobi operator is λ(λ − 1)2n−2(λ − 4).
Proof. Let (M,∇) be ﬂat. Consider again its natural Einstein Riemann extension (T ∗M, g¯). We ﬁx a point (x,w) of T ∗M such
that w 	= 0. We also ﬁx a vector X ∈ Mx such that w(X) = 1 (i.e., Xc is a space-like unit vector at (x,w) ∈ T ∗M). Choose
linearly independent vectors Y1, Y2, . . . , Yn−1 ∈ Mx such that w(Yi) = 0 for i = 1,2, . . . ,n − 1. Let {β,γ1, γ2, . . . , γn−1} be a
basis for M∗x dual to {X, Y1, Y2, . . . , Yn} and such that β = w .
By the formula (4.1), we get
R¯ Xc
(
Xc
)= 0,
R¯ Xc
(
Yi
c)= Yic, i = 1,2, . . . ,n − 1.
Now we recall that, in our setting, W (x,w) = βv . According to (4.2), we obtain
R¯ Xc
(
βv
)= −2Xc + 4βv ,
R¯ Xc
(
γi
v)= γi v , i = 1,2, . . . ,n − 1.
Thus, the matrix of the Jacobi operator R¯ Xc with respect to the basis {Xc, Y1c, Y2c, . . . , Yn−1c , βv , γ1v , γ2v . . . , γn−1v} for
(T ∗M)(x,w) is⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 −2
1 0
. . .
... 0
1 0
4
0 1
0 ... . . .
0 1
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
The characteristic polynomial of R¯ Xc is λ(λ − 1)2n−2(λ − 4). 
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In this section, we shall prove
Theorem 7.1. The natural Einstein Riemann extension of a direct product of two non-ﬂat torsion-free aﬃne two-manifolds with skew-
symmetric Ricci tensors is an almost Osserman manifold. The characteristic polynomial of the Jacobi operator is λ(λ − 1)6(λ − 4).
Proof. Let (M1,∇1) and (M2,∇2) be two-dimensional aﬃne manifolds whose Ricci tensors Ric1 and Ric2, respectively, are
skew-symmetric and nowhere ﬂat. Consider their product (M,∇) = (M1 × M2,∇1 × ∇2) and denote the corresponding
components of vectors and tensors on the factors (M1,∇1) and (M2,∇2) by the corresponding indices i = 1,2. On each
tangent space we have M(x1,x2) = (M1)x1 ⊕ (M2)x2 . Then the curvature tensor Ri of (Mi,∇i) is expressed, analogously to
(5.1), by the formula
Ri(Zi, Xi)Xi = Rici(Xi, Zi)Xi (7.1)
for all vector ﬁelds Xi and Zi tangent to Mi , i = 1,2.
Consider the natural Einstein Riemann extension (T ∗M, g¯) of (M,∇). We ﬁx a point (x,w) = (x1, x2,w1,w2) of T ∗M
such that w 	= 0, w1 	= 0 and w2 	= 0. So, we restrict ourselves always to the complement of a subset of measure zero in
T ∗M (which is not relevant). For a vector ﬁeld X = X1 + X2 tangent to M , we have
w(X) = w(X1) + w(X2) = w1(X1) + w2(X2)
and Xc = X1c + X2c . In the following we assume that w(X) = 1 (i.e., Xc is a space-like unit vector at (x,w) ∈ T ∗M). We
restrict ourselves only to those X = X1 + X2 whose both values w(X1) and w(X2) are non-zero. Thus the Jacobi operator
R¯ Xc at the point (x,w) ∈ T ∗M will be restricted to the complement of a subset of measure zero in the set of all space-like
unit vectors Xc . Conforming with Deﬁnition 3.6, this will lead us to an almost Osserman structure. Further, consider a non-
zero vector Y = Y1 + Y2 ∈ Mx with non-zero components Yi ∈ (Mi)xi , i = 1,2, such that w(Y1) = 0 and w(Y2) = 0. Hence
obviously Xi and Yi are linearly independent for each i = 1,2. Moreover choose Y in such a way that Rici(Xi, Yi) = 1 for
i = 1,2. We see easily that R(X2, X)X = R(X2, X1)X + R(X2, X2)X = 0.
Now we get by (4.1) that
R¯ Xc
(
Xc
)= 0,
R¯ Xc
(
X2
c)= −w(X2)Xc + X2c + (vertical part),
R¯ Xc
(
Y1
c)= Xc − X2c + Y1c + (vertical part),
R¯ Xc
(
Y2
c)= X2c + Y2c + (vertical part).
Choose covectors β1, β2, γ1 and γ2 in the following way:
βi = wi, γi(·) = Rici(Xi, ·) (7.2)
for i = 1,2. Since βi(Yi) = 0 and γi(Yi) = 1, i = 1,2, we see that β1, β2, γ1 and γ2 are linearly independent.
We obtain by (4.2) using the equality β1(X) = w1(X) = w(X1) that
R¯ Xc
(
β1
v)= −2w(X1)Xc + (ιβ1(R(·, X)X))v + β1v + 3w(X1)W (x,w). (7.3)
Now, since R(Z , X)X = R1(Z1, X1)X1+R2(Z2, X2)X2, we deduce from (7.1) that R(Z , X)X = Ric1(X1, Z1)X1+Ric2(X2, Z2)X2.
Hence, by (7.2), we have R(·, X)X = γ1(·)X1 + γ2(·)X2. Further, we obtain(
ιβ1
(
R(·, X)X))(Z) = β1(γ1(Z)X1 + γ2(Z)X2)= β1(X1)γ1(Z1)
for all vectors Z = Z1 + Z2 tangent to M , and hence we have(
ιβ1
(
R(·, X)X))v = w(X1)γ1v(·).
Further, vector W (x,w) is the vertical lift of w = w1 + w2 = β1 + β2. Thus (7.3) reduces to
R¯ Xc
(
β1
v)= −2w(X1)Xc + (1+ 3w(X1))β1v + 3w(X1)β2v + w(X1)γ1v .
Similarly, we have
R¯ Xc
(
β2
v)= −2w(X2)Xc + 3w(X2)β1v + (1+ 3w(X2))β2v + w(X2)γ2v .
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R¯ Xc
(
γ1
v)= γ1v ,
R¯ Xc
(
γ2
v)= γ2v .
Then, putting ri = wi(Xi), i = 1,2, the matrix A of the Jacobi operator R¯ Xc with respect to the basis (Xc, X2c, Y1c, Y2c,
β1
v , β2
v , γ1
v , γ2
v) for (T ∗M)(x,w) is
A =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 −r2 1 0 −2r1 −2r2 0 0
0 1 −1 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 ∗ ∗ ∗ 1+ 3r1 3r2 0 0
0 ∗ ∗ ∗ 3r1 1+ 3r2 0 0
0 ∗ ∗ ∗ r1 0 1 0
0 ∗ ∗ ∗ 0 r2 0 1
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
Denote by E the identity matrix. The characteristic polynomial det(λE − A) of R¯ Xc is
λdet
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
λ − 1 1 −1 0 0 0 0
0 λ − 1 0 0 0 0 0
0 0 λ − 1 0 0 0 0
∗ ∗ ∗ λ − (1+ 3r1) −3r2 0 0
∗ ∗ ∗ −3r1 λ − (1+ 3r2) 0 0
∗ ∗ ∗ −r1 0 λ − 1 0
∗ ∗ ∗ 0 −r2 0 λ − 1
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
= λdet
(
λ − 1 1 −1
0 λ − 1 0
0 0 λ − 1
)
det
(
λ − (1+ 3r1) −3r2
−3r1 λ − (1+ 3r2)
)
det
(
λ − 1 0
0 λ − 1
)
= λ(λ − 1)5 det
(
λ − (1+ 3r1) −3r2
−3r1 λ − (1+ 3r2)
)
= λ(λ − 1)6(λ − 4),
where we used r1 + r2 = w(X1) + w(X2) = w(X) = 1. 
8. An almost Osserman structure over any product of non-ﬂat aﬃne two-manifolds
In this section, we shall prove
Theorem 8.1. The natural Einstein Riemann extension of a direct product of k torsion-free non-ﬂat aﬃne two-manifolds with skew-
symmetric Ricci tensors is an almost Osserman manifold. The characteristic polynomial of the Jacobi operator is λ(λ − 1)2k−2(λ − 4).
Proof. Let (Mi,∇i), i = 1,2, . . . ,k, be two-dimensional aﬃne manifolds whose Ricci tensors Rici , i = 1,2, . . . ,k, are skew-
symmetric and nowhere ﬂat. Consider their product (M,∇) = (M1 × M2 × · · · × Mk,∇1 × ∇2 × · · · × ∇k) and denote the
corresponding components of vectors and tensors on the factors (Mi,∇i) by the corresponding indices i = 1,2, . . . ,k. Then
the curvature tensor Ri of (Mi,∇i) is expressed, analogously to (5.1), by the formula
Ri(Zi, Xi)Xi = Rici(Xi, Zi)Xi
for all vector ﬁelds Xi and Zi tangent to Mi , i = 1,2, . . . ,k.
Consider again the natural Einstein Riemann extension (T ∗M, g¯) of (M,∇). We ﬁx a point (x,w) = (x1, x2, . . . , xk,
w1,w2, . . . ,wk) of T ∗M such that w 	= 0 and wi 	= 0, i = 1,2, . . . ,k. So, we restrict ourselves always to the complement of
a subset of measure zero in T ∗M (which is not too relevant). For a vector ﬁeld X =∑ki=1 Xi ∈ Mx , we have
w(X) =
k∑
i=1
w(Xi) =
k∑
i=1
wi(Xi)
and Xc =∑ki=1 Xic . In the following, we assume that w(X) = 1 (i.e., Xc is a space-like unit vector at (x,w) ∈ T ∗M). We
restrict ourselves only to those X =∑ki=1 Xi with w(X) = 1 whose all values w(Xi), i = 1,2, . . . ,k, are non-zero. Thus the
Jacobi operator R¯ Xc at the point (x,w) ∈ T ∗M will be restricted to the complement of a subset of measure zero in the set
of all space-like unit vectors Xc . Again, this leads us to an almost Osserman structure. Further, consider a non-zero vector
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are linearly independent for each i = 1,2, . . . ,k. Moreover, normalize Yi so that Rici(Xi, Yi) = 1 for i = 1,2, . . . ,k.
Now we get by (4.1) that
R¯ Xc
(
Xc
)= 0,
R¯ Xc
(
X j
c)= −w(X j)Xc + X jc + (vertical part), j = 2,3, . . . ,k,
R¯ Xc
(
Y1
c)= Xc − k∑
j=2
X j
c + Y1c + (vertical part),
R¯ Xc
(
Y j
c)= X jc + Y jc + (vertical part), j = 2,3, . . . ,k.
Choose linearly independent covectors βi and γi in the following way:
βi = wi, γi(·) = Rici(Xi, ·)
for i = 1,2, . . . ,k.
We obtain by (4.2) that
R¯ Xc
(
βi
v)= −2w(Xi)Xc + (1+ 3w(Xi))β1v + 3w(Xi)∑
j 	=i
β j
v + w(Xi)γi v , i = 1,2, . . . ,k,
R¯ Xc
(
γi
v)= γi v , i = 1,2, . . . ,k.
Now we put ri = w(Xi) for i = 1,2, . . . ,k. The characteristic polynomial of the Jacobi operator R¯ Xc is the product of λ,
a determinant of a triangular matrix of degree 2k − 1 whose value is (λ − 1)2k−1, the determinant of the matrix “β block”
of degree k⎛
⎜⎜⎜⎜⎜⎝
λ − (1+ 3r1) −3r2 · · · · · · −3rk
−3r1 λ − (1+ 3r2) −3rk
−3r1 −3r2 . . .
...
...
...
. . . −3rk
−3r1 −3r2 · · · · · · λ − (1+ 3rk)
⎞
⎟⎟⎟⎟⎟⎠ (8.1)
whose value is (λ − 1)k−1(λ − 4) since ∑ki=1 ri = 1, and the determinant of the diagonal matrix of degree k whose value is
(λ − 1)k . Thus our polynomial is λ(λ − 1)4k−2(λ − 4). 
9. An almost Osserman structure over a product of a non-ﬂat aﬃne two-manifold and a ﬂat space
In this section, we shall prove
Theorem 9.1. The natural Einstein Riemann extension of a direct product of a torsion-free non-ﬂat aﬃne two-manifold with skew-
symmetric Ricci tensor and a ﬂat aﬃne manifold of dimension d 1 is an almost Osserman manifold. The characteristic polynomial of
the Jacobi operator is λ(λ − 1)2d+2(λ − 4).
Proof. Let (M1,∇1) be a two-dimensional aﬃne manifold whose Ricci tensors Ric1 is skew-symmetric and nowhere ﬂat,
and (M2,∇2) a torsion-free ﬂat aﬃne manifold of dimension d  1. Consider their product (M,∇) = (M1 × M2,∇1 × ∇2).
Then the curvature tensor R1 of (M1,∇1) is expressed, analogously to (5.1), by the formula
R1(Z1, X1)X1 = Ric1(X1, Z1)X1
for all vector ﬁelds X1 and Z1 tangent to M1.
Consider the natural Einstein Riemann extension (T ∗M, g¯) of (M,∇). We ﬁx a point (x,w) = (x1, x2,w1,w2) of T ∗M
such that w 	= 0, w1 	= 0 and w2 	= 0. So, we restrict ourselves again to the complement of a subset of measure zero in T ∗M
(which is not too relevant). For a vector ﬁeld X = X1 + X2 tangent to M , we have
w(X) = w(X1) + w(X2) = w1(X1) + w2(X2)
and Xc = X1c + X2c . In the following we assume that w(X) = 1 (i.e., Xc is a space-like unit vector at (x,w) ∈ T ∗M). We
restrict ourselves only to those X = X1 + X2 whose both values w(X1) and w(X2) are non-zero. Thus the Jacobi operator
R¯ Xc at the point (x,w) ∈ T ∗M will be restricted to the complement of a subset of measure zero in the set of all space-like
unit vectors Xc . This leads us again to an almost Osserman structure. Further, consider a non-zero vector Y1 ∈ (M1)x1 and
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Rici(X1, Y1) = 1. Hence obviously {X, X2, Y1, Y2, . . . , Yd} is a basis for Mx .
Now we get by (4.1) that
R¯ Xc
(
Xc
)= 0,
R¯ Xc
(
X2
c)= −w(X2)Xc + X2c + (vertical part),
R¯ Xc
(
Y1
c)= Xc − X2c + Y1c + (vertical part),
R¯ Xc
(
Y j
c)= X jc + Y jc + (vertical part), j = 2,3, . . . ,d.
Choose linearly independent covectors βi and γi in the following way:
β1 = w1, β2 = w2, γ1(·) = Ric1(X1, ·), and
{γ2, γ3, . . . , γd} is a subbasis for (M2)∗x2 dual to {Y2, Y3, . . . , Yd}.
We obtain by (4.2) that
R¯ Xc
(
β1
v)= −2w(X1)Xc + (1+ 3w(X1))β1v + 3w(X1)β2v + w(X1)γ1v ,
R¯ Xc
(
β2
v)= −2w(X2)Xc + 3w(X2)β1v + (1+ 3w(X2))β2v ,
R¯ Xc
(
γi
v)= γi v , i = 1,2, . . . ,d.
Now we put r1 = w(X1) and r2 = w(X2). The characteristic polynomial of the Jacobi operator R¯ Xc is the product of λ,
a determinant of a triangular matrix of degree d + 1 whose value is (λ − 1)d+1, the determinant of the matrix “β block” of
degree 2(
λ − (1+ 3r1) −3r2
−3r1 λ − (1+ 3r2)
)
whose value is (λ − 1)(λ − 4) since r1 + r2 = 1, and the determinant of the diagonal matrix of degree d whose value is
(λ − 1)d . Thus our polynomial is λ(λ − 1)2d+2(λ − 4). 
Concluding remark. The name “almost Osserman” is well-justiﬁed. For example, if we put some of the quantities ri in
the matrix (8.1) equal to zero, we obtain the same characteristic polynomial. But it does not mean that the space is an
Osserman space in the sense of Section 3! Namely, if we started with a unit normal vector X = X1 + X2 + · · · + Xk whose
some component Xi is zero, we were unable to ﬁnd a reasonable basis for expressing the Jacobi operator and thus we were
unable to calculate the characteristic polynomial in this situation. So, an open problem remains if every almost Osserman
space from our list is an Osserman space in the sense of Section 3.
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